From Braided Geometry to Integrable systems

Dimitri Gurevich

with P.Pyatov, P.Saponov

Valenciennes University, France

Conference "Geometrical Methods in Mathematical Physics"
Moscow, December 2011

Dimitri Gurevich with P.Pyatov, P.Saponov From Braided Geometry to Integrable systems



€@ Quantization of a Poisson pencil

© Braidings and symmetries

© RTT and RE algebras

@ Cayley-Hamilton identities

© Calculus on (modified) RE algebras
@ Differential operators on U(u(2)p)

@ Towards a deformation of the Calogero-Moser model

Dimitri Gurevich with P.Pyatov, P.Saponov From Braided Geometry to Integrable systems



Quantization of a Poisson pencil
- . netrie

Consider the Poisson-Lie bracket on s/(2)*:

{hyx}PL - 2X7 {h7.y}PL - _2)/7 {Xa.y}PL =h
and varieties O, defined by Cas =271 h? + xy + yx = «a.
Also, consider the following quadratic bracket

{h,x}' =2xh, {h,y} = —=2yh, {x,y} = h%.

These two brackets generate a Poisson pencil

{7}a,b:a{7}PL+b{v},'

Moreover, the element Cas is Poisson central for any bracket from
this pencil:

{Cas,f},p =0, VFf € K[s/(2)"].
Thus, this Poisson pencil can be restricted to the quotient algebra

K[s/(2)*]/(Cas — ), a € K.
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Quantization of a Poisson pencil
- . netrie

Let us quantize the P.p. {, }, 5 and its restrictions to O,.
As a quantum counterpart of the PL bracket we consider the
enveloping algebra U(s/(2)y) of s/(2); with multiplication table

[h7X] :2h’X7 [h7.y] = _2hyv [X,_)/] = hh.

Note that the element Cas remains central in U(s/(2)5).

Now, quantize the bracket {, }’ alone in a somewhat elementary
way. By replacing the Poisson bracket by the commutator and
representing the r.h.s. in the symmetric form we get

hx — xh = v(hx + xh), hy — yh = —v(hx + xh), xy — yx = vh°.
By putting g% = (1 — v)/(1 + v) we arrive to

q*hx = xh, hy = q*yh, (1 + ¢*)(xy — yx) = (1 — ¢*)h*.

Dimitri Gurevich with P.Pyatov, P.Saponov From Braided Geometry to Integrable systems



Quantization of a Poisson pencil
- . netrie

Denote this algebra A(g). It has "good deformation property".
This means that for a generic g

dim A(q)¥) = dimK[s/(2)*]%), k =0,1,2,3...

Observe that the algebra A(q) is Uq(s/(2))-covariant.

In order to quantize the whole P.p. {, }, 5 we consider the algebra
A(q, h) defined by

g’hx — xh = 2hx, hy — q°yh = —2hy,

(1+ %) (xy — yx) = (1 = ¢*)h? = 2hh.

It is possible to see that Gr A(q,h) = A(q). So it is a two
parameter deformation of the algebra K[s/(2)*] indeed. lts
semiclassical counterpart is the P.p. above.
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Quantization of a Poisson pencil
- . netrie

In order to explicitly quantize this P.p. restricted to a variety O,
we have to find the center of the algebra A(q, 7).

Observe that the element Cas is not central in the algebra A(q, h)
any more. However, the element

Casg=q 'xy +qyx +(q+q ') H

is.

This element is not symmetric. Consequently, the pairing on the
space span(x, h,y) which is defined by the matrix inverse to that
composed from the coefficients of the element Cas; becomes

(hoh)y=24=q+q " (x,y)=q ' (y,x) =q.

It is not symmetric either. However, it is Ugy(s/(2))-covariant.
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Quantization of a Poisson pencil
- . netrie

Now, present the quantum counterpart of the restricted P.p. via
the following quotient

A(q, h)/{Casq — a).

It is a braided non-commutative affine algebraic variety
(hyperboloid).

In a similar way other "braided varieties" can be constructed. To
this end we have to define "braided analogs" of the enveloping
algebras U(gl(n)) or those U(s/(n)) and to find reasonable analogs
of the equation Cas; = .

Now, explain the meaning of the term "braided".
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Braidings and symmetries

By braided geometry we mean geometry dealing with a braiding
playing the role of a flip (or super-flip).

By a braiding we mean an invertible operator R : V&2 — V®?2
where V is a vector space over the ground field K satisfying the
so-called quantum Yang-Baxter equation

Ri2 R Rio = Ro3 Ria Rz, Rio=R®I, Ra=1®R.

All notions and operators of "braided geometry" are associated to a
given braiding.
First, we discuss a possible form of such a braiding.
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Braidings and symmetries

The most studied are braidings of three types:
1. Involutive symmetries, i.e. such that R? = /.
2. Hecke symmetries, i.e. those subject to the Hecke condition

(gl =R)(g'I+R)=0, geK.

3. Birman-Murakami-Wenz| symmetries.
We are interested in Hecke symmetries.
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Braidings and symmetries

The simplest examples are as follows. By fixing a basis {x,y} € V
and the corresponding basis {x @ x,x ® y,y @ x,y @ y} in V2 we
represent Hecke symmetries R by matrices

q 0 0 0 q 0 0 0
0 g—g ' 10 0 g—qg ! 1 0
0 1 0 0 |’ 0 1 0 0
0 0 0 ¢ 0 0 0 —qg!

They are deformations of a usual flip and a super-flip respectively.
We call them and their higher analogs (super-)standard. However,
there is a lot of Hecke symmetries which are deformations neither
of flips nor of super-flips.
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Braidings and symmetries

To any Hecke symmetry R we associate "symmetric"
Sym(V) = T(V)/{Im(ql = R))
and "skew-symmetric"
AWV) = T(V)/(Im(g""1 + R))

algebras of the space V. They are graded algebras. Consider their
Poincaré-Hilbert (PH) series:

Pi(t) = Zdim Symk(V)tk, P Zdlm /\ (V)tk.

For them the following relation was shown by myself 25 years ago

Po(t)P_(—t) = 1.
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Braidings and symmetries

Note that in general, the PH series P4 (t) are always rational
functions (Phung Ho Hai, A.Davydov). In a sense the couple (p|r)
where p is the degree of the numerator and r is that of the
denominator of the function P_(t), is an analog of the
super-dimension. It is called bi-rank of R.

If P_(t) is a polynomial, we say that the Hecke symmetry R is
even. Then its bi-rank is (p|0). In this case we call p rank of R.
For the classical flips and all their deformations p = n = dim V but
in general it is not so.

Example: P_(t)=1+nt+t3 n>2.

Recently we have proved the mounting property.
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Braidings and symmetries

For some Hecke symmetries R : V®2 _ @2 called skew-invertible
an analog of the usual trace

Trg : End(V) - K

can be introduced.
Thus, for the standard symmetry above such R-trace is

T’R< i 3 ) =g la+qld

Moreover, for a skew-invertible symmetry of bi-rank (m|n) it is
possible to contract a category of linear spaces looking like that of
U(gl(m|n))-modules. This category contains the dual space V*, all
tensor product V& @ (V*)®/ and some their subspaces.

A space V* is called dual if there exists a nondegenerated pairing
V ® V* — K which is a category morphism. Whereas all category
morphisms are assumed to commute with braidings:
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RTT and RE algebras

//?

We would like to define Sym(End(V)) and A(End(V)) with g.d.p.
Note that only few objects of the mentioned category allow such
"symmetric" and "skew-symmetric" algebras.
Fortunately, for the object End(V) its "symmetric" and
"skew-symmetric" algebras with g.d.p. exist. By miracle
Sym(End(V)) is nothing but the so-called Reflection Equation
(RE) algebra. It is a unital algebra generated by entries of a matrix
L = (M) subject to the system

RLRLi=LiRLiR, LLi=L®I
It is a particular case of the so-called Quantum Matrix (QM)
algebras. Another example is an "RTT algebra". It is a unital

algebra generated by entries of a matrix T = (&) subject to the
system

RT1iT,=T1i HR T1=Tx!, T, =1L T.
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RTT and RE algebras

Example: let R be standard Hecke symmetry above. By denoting
T=(° e we get the system
=\ c d g Y

q 0 0 0 a 0 b O a b 0 0
0 g—g ! 10 0 a 0 b c d 0 0|
0 1 0 0 c 0 d 0 0 0 a b |
0 0 0 g 0 c 0 d 0 0 ¢ d
a 0 b O a b 0 0 q 0 0 0
0 a 0 b c d 00 0 g—g 1 10
c 0 d 0 0 0 a b 0 1 0 0
0 ¢c 0 d 0 0 ¢ d 0 0 0 ¢
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RTT and RE algebras

Whereas the system for the corresponding RE algebra is

g 0 00 a 0 b 0 g 0 00
0 g—g ! 10 0 a 0 b 0 g—g ! 10
0 1 0 0 c 0 d 0 0 1 0 0
0 0 g 0 ¢c 0 d 0 0 0 g

a 0 b O a 0 b o

0 a0 b ] |[0a o0 b

c 0do]| | co0doO

0 ¢c 0 d 0 ¢c 0 d
q 0 0 0 a 0 b O q 0 0 0
0 g—g ! 10 0 a 0 b 0 g—g ' 10
0 1 0 0 c 0 d O 0 1 0 0
0 0 0 g 0 ¢c 0 d 0 0 0 g

-
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RTT and RE algebras

T
(modifie E alge

U(u
)- VI

Compare properties of these two QM algebras. RTT algebra can be
equipped with a bi-algebra structure. Essentially, this means that in
it there is a coproduct A compatible with its product

A(fog)=A(f) o Ag).

If a Hecke symmetry is "even", in the RTT algebra there is an
analog detg T of the determinant. This is a "group-like" element:

A(detg T) = detg T @ detg T.

If it is central, then the algebra RTT /(detg T — 1) is an analog of
the coordinate algebra K[SL(n)]. Its semiclassical counterpart is the
so-called Sklyanin bracket on SL(n).
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RTT and RE algebras

//?

As for a RE algebra, being equipped with a similar coproduct it
becomes "braided bi-algebra" (Majid). Essentially, this means

A(f o g) = (0 @ o)Ra3(A(F) @ A(g))-

If R is even, in this algebra there is an analog det®L of the
determinant as well. The quotient REA/(detRL — 1) is another
analog of the algebra K[SL(n)].

Note the the both algebras are graded quadratic with g.d.p.; they
are two deformations of K[Mat(n)]. However, their properties differ
drastically.

In our "Braided Geometry" we only use RE algebras. We need RTT
ones only for checking that our constructions are covariant w.r.t the
coaction A(L)=T®L® T-1
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RTT and RE algebras

@ The center of the RE algebra is much bigger than that of the
RTT algebra. In particular, the elements Tre Lk are central in
the RE algebra, and those Trg Tk are not in the RTT one.

o Consider a quadratic-linear algebra
RLiRLi—LiRLiR=RRL — L1 R).

This algebra is called modified RE algebra. It can be treated
as a "braided" analog of the enveloping algebra U(g/(m)y) (or
U(g/(m|n)s) and it turns into the latter algebra as g — 1
provided R is standard (resp., super-standard).
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RTT and RE algebras

//?
)-M

Emphasize that for them an analog of the PBW theorem exists.
By quotienting this algebra over TrgL (which is central) we get a
braided analog of the algebra U(s/(m)y) or U(sl(m]|n)y).

The above algebra A(g, i) is nothing but a braided analog of the
algebra U(s/(2)n).

In general, standard modified RE algebras are quantum
counterparts of similar Poisson pencils with g/(m) type center.
Also note that for g # 1 an RE algebra and the corresponding
modified RE algebra are isomorphic to each other. The
isomorphism can be established by the shift map

h
—1

L— [ — l.

However, this isomorphism fails as g = 1.
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Cayley-Hamilton identities

One property more of the (modified or not) RE algebra is the
following. For its generating matrix L there is an analog of the
Cayley-Hamilton (CH) identity of the form

ptr

> apyri(L)L'=0
i=0

where (p|r) is the bi-rank of R and the coefficients a;(L) are central
in the algebra in question. The roots of the equation

ptr

Z ap+r—i(L) p =0
i=0

are analogs of the eigenvalues of a numerical matrix. But now they
are treated to be elements of the algebraical extension of the center
of this algebra.
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More precisely, this CH identity is

p+r ~ min{i,p} _
DL Y (D gy (D=0,
i=0 k=max{0,i—r}

where s is the Schur polynomial and

p boxes
—_———

{ J} | boxes
r boxes s :

= ((p+ 1), P, &) = [l
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Cayley-Hamilton identities

This CH identity after being multiplied by si,, factorizes as follows

(é(_q)k  Sfpl1 U) (Zq L s, L)) —0.

In terms of "even" roots p; and "odd" ones v; the identity becomes

p r

(stpi (D) TICL = it) TJ(L = 1) = .

i=1 j=1
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Cayley-Hamilton n
(modifie 3

//?

Consider the simplest standard R and the corresponding modified

RE algebra. Then the matrix L = ( i s ) is subject to

(g TrR<L)+q-1h)L+(;’:(q (Tre P~ Tr(2)+ £ T L) 0.

For RTT algebras such a CH identity does not exist.
Observe that in the CH identities introduced by Gelfand and all
coefficients are not scalar but diagonal matrices.
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Cayley-Hamilton identities

It is interesting to express different elements of the center of the
(modified) RE algebra via eigenvalues p;. F.e. in the simplest
standard case we have in the modified RE algebra the following

¢ TrrLX = p + 4

kG —q ' —h o qua—q =k

' M1 — p2 2 M2 — i1

Note that in the classical limit 2 =0, g = 1 this formula turns into
Tr L% = pf + ph.

In general this formula is much more complicated (below, the
eigenvalues p; and v; are respectively "even" and "odd"):
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In the REA the following holds

p r
Trrlk = Z d,-uf-‘ + Z djyjk, where
i=1 j=1
2 —q7? — q%y
d=gt [ B9 mTE_dy
m=1, m#i Hi Hom j=i Hi J
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avley-Hamilt e e
Calculus on (modified) RE algebras
f t perat U(u

Our next aim is to define elements of differential calculus on an RE
algebra and to exhibit some applications. As a result we'll get a
very astonishing differential calculus on the algebra U(gl/(m|n)).

Let us modify the Woronowicz's differential calculus on a matrix
pseudogroup. In fact, his calculus consists of an RTT algebra
playing the role of "function algebra", an algebra generated by
analogs of one-sided "vector fields" and that generated by first
differentials. Woronowicz keeps the usual Leibniz rule for the de
Rham operators and defines some permutation relations between
"functions" and "differentials". Lately, the algebra generated by
"'vector fields" was identified as an RE one.
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Calculus on (modified) RE algebras
Diff tial operators on U(u(2

We replaced the RTT algebra by another copy of the RE algebra.
Thus, we have two copies of the RE algebra. One of them
(generated by the matrix M and denoted M) is that of
"functions", and the other one (generated by the matrix L and
denoted L) is that of "differential operators" (its generators are
"vector fields"). The action of the algebra £ onto that M is
defined via permutation relations between the generating matrices

RLyRMy =M RL;R7L.

Such permutation relations enable us to define an actions of "vector
fields" ¥ onto "functions". In order to get the action ¥ (m....mg)
we have to transpose the "vector field" to the extreme right
position via the permutation relations and to apply to it the counit

e(1) =1, (H) = 4.
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Calculus on (modified) RE algebras
f P U

Thus, elements llj are treated to be analogs of left (right-invariant)
vector fields. However, they are "multiplicative" vector fields, i.e.
they are based on the group-like coproduct

INGEDIN &'
p

In order to get vector fields which are more similar to the classical
ones, we pass to the modified form of the RE algebra £ (i.e. we
apply the shift L = K — q—}y—l I). Then the coproduct on the
generators k{ of the modified form of the RE algebra is

Ay=Ke1+10k —(g—q ") K ak.
p

It becomes classical in the limit g — 1.
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Calculus on (modified) RE algebras
f P U

Now, by considering the matrix D = M~ K we get analogs of
partial derivatives on the algebra M. We call the finial algebra
braided Weyl algebra and denote it W(L, D). Its defining relations

are
RMiRMi —MiRMiR=0,

RYDiR'D; —DiR'DR =0,
DiRM;R—RMR™1D; =R.

The entries 8{ of the matrix D are called braided partial derivatives.
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Calculus on (modified) RE algebras
f P U

Now, by passing from the matrix M to the generating matrix N of
the corresponding modified RE algebra we get (after a slight
renormalization) the following system

RNiRN; — M\RMR = h(RN; — NiR)
RIDiRI'D;, = DyR'DR7!
DiRN;R—RN,R7'D; = R+hDiR.

It also defines a braided Weyl algebra denoted W(N, D). But this
algebra is well defined on a modified RE algebra.
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Calculus on (modified) RE algebras
f P U

By assuming R to be super-standard and by passing to the limit
g — 1 we get differential calculus on U(gl(p|r)s).

Let us consider an example: p =2,r = 0. Denote a, b, ¢, d the
standard generators of the algebra U(g/(2)5) such that

[a;b]:hb, [a,c]:—hc, [a,d]:O, ,,,,, , [d,C]:hC.
Also, pass to generators of the compact form, namely, U(u(2)3)

1 I 1 I
t:§(a—|—d), XZE(b+C)7 yzg(c_b% z:E(a—d)

we get the standard u(2);, table of commutators

[x,¥]=hz, [y, z] = hx, [z, x] = hy, tis central.
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Calculus on (modified) RE algebras
f P U

Then the corresponding permutation relations become

h h h h
[0r, t] = 581“"17 [0¢, x] = —gax» [0, y] = _58)/7 [0, 2] = _5627

[BX’ t] - gax’ [8X’X] ﬁat + 1 [8X7y] h z: [ﬁx,z] 26)/7
[83” t] = 78}/7 [8}/7)(] = _5827 [ayv}/] = Eat -+ 1, [8y,z] = 58)(

h h h
[aza t] 27 [BZaX] y, [827)’] 7§8X7 [8252] = Eat + 1

The Le|bn|tz rule on this algebra can be presented via the coproduct

A =0l@1+10d+hY 8 eal.

p

Whereas the partial derivatives commute with each other.
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Differential operators on U(l;(z)f,)

Thus, on the algebra U(u(2)y,) we can define an analog of any
differential operator and equation. F.e. the Klein-Gordon equation
is defined in the classical way

@O-m’)f=0, O0=0; -9, -9, —0;

Here f is an element of the algebra U(u(2)y) or its completion and
m is the "mass of a NC particle". However, the partial derivatives
coming in this equation are subject to the modified version of the
Leibnitz rule. In a similar way we define NC analogs of other wave
(Dirac, Maxwell...) operators.
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Differential operators on U(l;(z)f,)

As for the de Rham operator d it can be defined on "functions" via
d(f) = dt 0¢(f) + dx Ox(f) + dy 0, (f) + dz O,(f).

In a similar way we can define de Rham operator d on differential
forms. Namely, we put

d(wf) =wdtO(f) + wdx 0x(f) +wdy 0, (f) + wdz 0,(f)

where w is a pure differential form (d t,...d t dx, ... and so on). The
relations between the differentials dft, ..., dz are assumed to be
classical dt dx = —dx dt, i.e. these generators anticommute.

This property together with the commutativity of the partial
derivatives entails d2 = 0, i.e. d is a differential indeed.
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culus on (m g
Differential operators on U(u(2)y)
mation of th gero-M nod

Our immediate objective is to define and calculate the radial part of
the Laplacian A = 92 + 3)% + 02 on the algebra U(u(2)p).

Definition

The operator A restricted to the center Z = Z(U(u(2)5)) of the
algebra U(u(2)y) is called the radial part of the Laplacian A and is
denoted A,.4.

This definition is motivated by the following theorem

The result of applying A to any element Tr LK is central as well.

Note that t, x? + y2 + z2 € Z(U(u(2))). By expressing these
elements and those A(t), A(x? + y? + z2) via 1, o, we get
A,,q realized through these eigenvalues.
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Differential operators on U(u(2)5)

By introducing new variables A\ = u1 + up and p = (1 — p2)? we
get

1
Arad (F(A, 1)) = 23 (2F (A + 2R, 1)
—F(\+ 2R, u + 4R° + 4hf) — (N + 2R, pu + 412 — 4h\/1)
— ¥ 2 4% — 4
+fh(()\+ B, p + 452 — 4hy /1)
—f (X + 2R, p + 412 + 4hy/1)).
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Differential operators on U(u(2)5)

In the limit &z — 0 the difference operator A,,4 turns into the
following second order differential operator

d? d

Being rewritten via the variable r such that ;4 = —4r? we get the
usual radial part of the classical Laplacian on R3

d? L2d

dr?  rdr’
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Towards a deformation of the Calogero-Moser model

In the classical (commutative) setting the radial part of the
Laplacian
— 2 _ 2B
A=TD*= > 0,0

1<ij<m

defined on K[Mat(m)] equals
Z+2y 12 9 =0,.

This operator is gauge equivalent to the Calogero-Moser one

2 1
2.5 +2Z(uffuj)2’

i<j
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f t \ U(u
Towards a deformation of the Calogero-Moser model

Discuss a way of getting a two parameter deformation of this model.
Let AV be the standard mRE algebra (it is a braided deformation of
the enveloping algebra U(g/(m)s)). Also, let D be the matrix of
the partial derivatives on this mRE algebra. Consider the operators
TrrD¥ k = 0,1,2, ..., m acting on the algebra \.

They commute with each other. Besides, they map the center

Z = Z(U(gl(m)p)) of the algebra U(gl/(m)y) into itself.

Consequently, restrictions of the operators Trr DX to Z are well

defined.
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f t p
Towards a deformation of the Calogero-Moser model

By expressing these restricted operators via the eigenvalues of the
generating matrix N of the algebra A/ we get a family of operators
in involution. Hopefully, these operators are difference ones and
they are two-parameter deformations of the corresponding classical
differential operators which are gauge equivalent to the rational
Calogero-Moser operator and its higher counterparts respectively.

However, computations in higher dimensional case become much
harder.
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